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Acoustic Response of Droplet Flames to Pressure Oscillations
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The acoustic pressure response of spherical Hi/liquid oxygen droplet flames is studied by the premixed-flame
regime of activation-energy asymptotics to examine acoustic instability mechanisms in liquid-propellant rocket
engines. Depending on the diameters of the droplets, the combustion condition is classified as near-equilibrium
or near-extinction, and the acoustic pressure response for each condition is determined for a wide range of the
acoustic frequency. Compared with the results previously obtained for strained diffusion flames, the reaction sheet
of the droplet flame is found to exhibit a behavior similar to that of strained diffusion flames, in that the reaction
sheet moves toward the oxidizer boundary, at which the mass flux of the oxidizer is greater, to balance the high
reactivity during the period of high acoustic pressure. Oscillations of the reaction sheet also give rise to an additional
attenuation mechanism, associated with reduction of the reaction-surface area, thereby resulting in a much smaller
response of the heat-release rate for droplet flames than that for strained diffusion flames.

Nomenclature
B = frequency factor (s"1) for rate of fuel mass consumption
cp = specific heat at constant pressure
D = mass diffusion coefficient
DT = thermal diffusivity
Da = Damkohler number
E = activation energy for rate of fuel consumption
G, Z = coupling functions defined in Eq. (4)
/*, h" = nondimensional heat release rates as defined in Eqs.

(37) and (38)
L = latent heat of evaporation, made nondimensional

through division by Q*
Le = Lewis number
m = nondimensional mass flux, =pux2

p = pressure
Q = heat released per unit mass of fuel consumed
q = nondimensional heat release, =Q*/c*pT£
R = universal gas constant
r = radial coordinate
T = temperature
t = time coordinate
u - radial velocity
w = nondimensional rate of fuel mass consumption per unit

volume, defined in Eq. (10)
x = nondimensional radial coordinate defined in Eq. (3)
Y = mass fraction
ft = Zel'dovich number defined in Eq. (20)
y = ratio of the specific heat at constant pressure to that at

constant volume
9 - normalized temperature defined in Eq. (1)
p = density
a = stoichiometric mass ratio of oxidizer to fuel
r = nondimensional time defined in Eq. (3)
a) = acoustic frequency

Subscripts
d = droplet
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e = extinction condition
F = fuel
/ = conditions at the reaction sheet
g =gas
/ = conditions at the initial state
/ = liquid
O = oxidizer
s = conditions at the droplet surface
x = partial derivative with respect to x
oo = conditions at infinity, far from the droplet

Superscripts
= mean field
= oscillatory field
= partial derivative of the mean field with respect to x/
= total derivative of the mean-field variable at xf with

respect to Xf
= dimensional quantity

Introduction

A COUSTIC instabilities in liquid-propellant rocket engines, in
which oscillations of the chamber pressure corresponding to

the acoustic eigenmodes of the cavity are amplified mainly through
interactions with combustion, enjoy a long history of scientific and
technological study.1'2 The steady droplet-flame model is one that
has been adopted as a microscopic flame model for turbulent spray
flames inside rocket engines for describing both steady operation
and acoustic instability. Although this model has met with some
success in predicting steady performances of rockets, the steady ap-
proximation is appropriate for acoustic instabilities only when the
characteristic acoustic time is much larger than the characteristic
diffusion time of droplet flames. Because this last condition is not
satisfied in real rockets, Strahle3 analyzed acoustic response of un-
steady droplet combustion in the forward stagnation-point region,
calculating the unsteady accumulation that produces impedance of
the droplet-flame response to acoustic waves. However, the influ-
ences of finite-rate chemistry were not included in his work, and
comparison of his work with our previous analysis4 on acoustic re-
sponse of strained diffusion flames near extinction has shown that
the effects of finite-rate chemistry can lead to an order-of-magnitude
increase in amplification contributions because the dominant nonlin-
ear term in combustion processes arises from finite-rate chemistry.

Use of detailed chemical kinetics makes analyses exceedingly
complicated, so that, as a mathematical model, activation-energy
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asymptotics (AEA) can be employed.5 A recent analysis for
hydrogen-air flames6 verified that AEA does provide a qualitatively
reasonable structure for H2-O2 flames. In the limit of asymptotically
large Zel'dovich number ft (a ratio of the effective activation energy
to the thermal energy), chemical reaction is confined to an asymp-
totically thin layer with thickness of order ft~l compared to the
thickness of the diffusive transport zone, and thus the characteristic
time for reaction is much shorter, by a factor of order fi~2, than
the characteristic diffusion time. Particularly for flames near extinc-
tion, the characteristic diffusion time of laminar diffusion flames
can be estimated from the extinction strain rate to be in the range of
10~3-10~4 s, which turns out to be of the same order as the character-
istic acoustic time given by the reciprocal of the acoustic frequency.
Therefore, the analysis can be performed in a distinguished limit,
in which the timescale of the acoustics is comparable to that of the
diffusive transport, such that the outer convective-diffusive layer
is modified to include the unsteadiness caused by the acoustics,
whereas the inner reactive layer remains quasisteady. The effect of
finite-rate chemistry then will influence the unsteady flame response
only through the instantaneous matching conditions at the reaction
sheet. The effect that was not included in the work of Strahle3 is the
influence of this matching with decreasing Damkohler number as
the flamelets approach extinction.

Recently, AEA flame analysis has been developed to calculate
acoustic responses of solid- and liquid-propellant flames.4'7 In par-
ticular, a strained laminar diffusion flame4 was employed as a model
flamelet in liquid-propellant rockets to predict responses of the burn-
ing rate to the imposed acoustic pressure oscillations in terms of
their magnitude and phase. It was shown that such responses be-
come very sensitive to the acoustic oscillations as the mean flame
approaches extinction. In the present paper, the analysis of Kim and
Williams4 is extended to combustion of subcritical liquid oxygen
(LOX) droplet burning in stagnant gaseous fuel, typically hydro-
gen to provide the phase and amplitude relations needed for use in
amplification expressions.

Although droplet combustion in turbulent flames occurs in con-
vective environments, results of the present analysis, combined with
those for strained diffusion flamelets, will be relevant to convective
droplet flamelets. Convective droplet flames burn most vigorously in
the forward stagnation-point region of the droplets. The characteris-
tics of combustion in that region can be qualitatively predicted from
those of spherical droplet flames and strained diffusion flames be-
cause fluid mechanical properties of stagnation-point flows are simi-
lar to those of counterflows, whereas multiphase transport processes
resemble those of droplet flames. Results of acoustic responses in
these elementary flamelets enable us to identify types of flamelets
that produce greater amplification contributions to acoustic insta-
bilities. Recently, results of our strained diffusion-flamelet model
were applied to explain an empirical correlation that shows where
instability boundaries of the LOX/RP-1 rocket lie.8

Attention is focused on linear instabilities of acoustic waves, so
that the flame response can be expressed as a linear combination
of the pressure response and velocity response, each of which can
be calculated separately by assuming that the flamelet is located
either at a pressure node or at a velocity node. However, the present
analysis is restricted to the pressure response only. The increase
of the burning rate in the absence of mean relative convection is
dependent on the absolute magnitude of the acoustic velocity, so that
the frequency of the velocity response is twice that of the imposed
acoustic frequency. The velocity response thus does not provide a
linear amplification of acoustic waves. In addition, the amplitude
of acoustic pressure is assumed to be spatially uniform because
the characteristic wavelength is much larger than the characteristic
droplet-flame diameter.

Flame-Structure Analysis
Conservation Equations

A schematic diagram of droplet flames considered here is shown
in Fig. 1. To simplify the problem, a number of assumptions are
made. Oxidizer, vaporized from the droplet, and fuel are assumed
to be ideal gases. The Soret and Dufour effects are neglected. Vis-
cous dissipation also is neglected because the Mach number in the
droplet flame is much smaller than unity. Because oxygen is the

Oxidizer

Oxidizer
Droplet

Product

Oxidizer / /
ZONE I / ZONfc II ZONE III

Fuel

Fig. 1 Schematic diagram of oxygen droplet combustion in a gaseous
fuel atmosphere. Zones I and III, unsteady convective-diffusive layer
(chemically frozen) and zone II, steady reactive-diffusive layer (finite-
rate chemistry).

only material transported in the region between the reaction sheet
and the droplet surface (the products there having their diffusion and
convection cancel exactly), the Lewis number in zone I of Fig. 1 is
unity,9 whereas the Lewis number for fuel in zone III is assumed to
be constant but not necessarily unity. Finally, the thermal diffusivity
multiplied by the density is taken to be proportional to Ta, where a
is a constant.

The dependent variables are nondimensionalized as

P =
u*r*

P*oc D p =
T,oo (1)

YF = LeF Q-
The characteristic length is taken to be r*, and the characteristic
droplet lifetime t*d and the characteristic diffusion time t* are, re-
spectively, taken to be

D (2)
7,00

In terms of this characteristic length and time, nondimensional
length and time coordinates are defined as

x = r*/r; t = t*/t; * = **/$ (3)
For sufficiently subcritical conditions, p* is much larger than p^,
which results in t% » f *, so that the effect of droplet surface regres-
sion is negligible in investigating the combustion characteristics
over the characteristic diffusion time t*.

Prior to introducing the conservation equations, it is convenient
to define coupling functions as10

G EE 0 + = YF-Y0 (4)

Use of these coupling functions enables us to write the conservation
equations for total energy and fuel, free of the chemical reaction
term. The conservation equations for mass, oxidizer, fuel, and energy
are thus written, respectively, as

dp 1 dm

£o(Y0) = -

Lr(G) = r-——-^
yq dt

where the differential operator £, is defined as

= — .^A _ _L_LJLY 2_^_\A = P a^ + ?al" z^^9^VpDr* a^/

(5)

(6)

(7)

(8)

i =.0, F, T
(9)
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with Le0 = LeT = 1. The chemical source term in Eq. (6) is given
by

w = DaY0YFe-E*/R*T* (10)

where the Damkohler number is defined as Da = LeFB*(r*2/
DT OQ), which is proportional to the square of the droplet radius.
The frequency factor 5* is taken to be proportional to pn with a
typical value of the pressure exponent n lying between 0 and 2.
From the assumption preceding Eq. (1), pDT = [1 +q(G — Yo)]a,
and typically a & |. Finally, the equation of the state is

p = p\l+q(G-Y0)'\

The boundary conditions for Eqs. (5-8) are

(ID

d Z r
— = m[LeFZs - (1 -

dG , u—— = m(L + Y0s - cr~l)
(12)

x-+oo:Y0-+0 Z^l/LeF G -* 0

For a monochromatic pressure oscillation with a small oscillation
amplitude e, the pressure p can be expressed in complex notation
as

p=l+ sei (13)

where the nondimensional frequency is co = co*r*2/Dj 00. Given
the oscillating pressure, the reaction-sheet location x/ is expected
to respond as

xf=xf + sxfeio) (14)

where Jc/ is the complex amplitude of the reaction-sheet oscillation.
Because profiles of the dependent variables, such as 9, Yh p, and
m, are functions of the independent coordinate x and the parameter
jc/, any dependent variable F is also expanded in a form

; X f ) = f (jc; x f ) (jc; xf) \ xf)]
(15)

where .F (jc; Xf) = df / d x f . The term involving f represents the
direct influence of the oscillatory pressure, whereas the term involv-

represents the indirect effect that arises through oscillation
of the reaction sheet. Substituting the expansions into Eqs. (5-12)
and collecting the terms of the same orders in e, we obtain the gov-
erning equations and boundary conditions for the mean field as well
as those for the acoustic field.

Mean-Field Structure
The mean-field conservation equations for the convective-

diffusive layer, obtained from time averaging of Eqs. (5-8), are

= 0
• v ' \ I ~ I -vZ sl-v - . .

(16)
where mass conservation leads to a constant value of m, an eigen-
value of the system. Time averaging of Eq. (11) gives the mean
equation of the state as

(17)

(18)

The averaged differential operator L / from Eq. (9) is

z, .»-_V-ll(^JL, , = 0,F>r

where use has been made of Eqs. (4) and (17) to yield pDT — l/pa.
The boundary conditions are identical to those of Eq. (12) if all
variables T, including pDT and L, are replaced by T.

Because a for H2-LOX flames is large (typically 8), the reac-
tion sheet is located close to the oxidizer boundary, resulting in a
larger heat loss to the oxidizer side of the reaction sheet. Under
these conditions, leakage of the fuel through the reaction zone oc-
curs because the chemical reaction associated with fuel consumption
rapidly freezes in the oxidizer stream. For this type of flame struc-
ture, Lindn's premixed-flame regime,5 in which ftiel leaks through
the reaction sheet by an amount of order unity, while the oxidizer
is completely consumed at order unity, provides a more accurate
description of the flame structure than does the more conventional
diffusion-flame regime. Therefore, the convective-diffusive layer is
analyzed with a constraint that Y0 = 0 for x > xf.

In the reactive-diffusive layer, appropriate stretched variables are
defined by

(j) = pY0/Gf % = Ap(x-xf) (19)

where the large parameter of expansion is the Zel'dovich number.
The Zel'dovich number p and the scaling factor A, respectively, are
defined by

LdY°
Gf dx

(20)

After substituting Eq. (19) into Eq. (6), the inner equation is found
at leading order to be

0 as
(21)

oo — 1 as — oo

where the reduced Damkohler number A and the downstream heat-
loss parameter a are

2DaZf •exp

l d G

/ E*/R*T£\
\ 1+qGfJ

(22)

Here, Zf and Gf represent the fuel mass fraction and temperature at
the reaction sheet, respectively. For a given value of a, A is found
as an eigenvalue to be5

l-1.344a + 0.6307or2 (23)

The mean-field structure is solved by a finite volume method.
Once a mean reaction-sheet location xf is specified, the subsequent
solutions of Eqs. (16) yield the conditions at the reaction sheet.
From Eqs. (20), (22), and (23), the Damkohler number Da can be
obtained. Resulting variations of the flame temperature, evaporation
rate, and reaction-sheet location are shown in Fig. 2 for T* = 140
K, 7£ = 500 K, q = 100, L = 0.00104, and E*/R*T^ = 35, values
selected to corresponds to LOX droplet condition under some
rocket-chamber conditions. We also chose a = 0 and LeF = 1.0

12

10

8

m, 6
*t

4

2

0

m

Da0»80.661

103 107

Da

Fig. 2 Dependencies of the mean flame temperature, mass flow rate,
and reaction-sheet location on the Damkohler number with q = 100,
T; = 140 K,p* = 2.8 MPa, and E*/R*T^ = 35.
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for simplicity in these numerical calculations; the influences of
temperature-dependent thermal conductivity and of nonunity fuel
Lewis number are discussed later. The reaction-sheet location xf =
3.1296 corresponds to the Burke-Schumann limit, i.e., Da -» oo,
in which the mean evaporation rate m is maximum. As Da de-
creases with decreasing droplet diameter, the reaction sheet moves
away from the droplet surface, and the fuel begins to leak toward
the droplet. Excessive leakage of the fuel results in the extinction,
which can be identified by the turning point in Fig. 2. In this case,
which corresponds to f> = 4.11, extinction of the flame is observed
at Jc, = 6.395, f*/T£ = 7.35, m = 5.018, and Dae = 80.661.

Acoustic-Field Structure
The conservation equations for the acoustic field in the convec-

tive-diffusive zones are

>) = 0 (24)

,+*/y 0 )=0 (25)

(27)

(28)

CF(Z) + CP(Z) + icDp(Z + x f Z ) = -- -

m^ m^ + f f 1
x2 dx x2 dx J

LT(G) + CT(G) + icDp (G + xfG) = ic

p = p[l-qp(G-Y0)]

where the differential operator £ / is

r = _ _ -
' : = = ~x2~dx~ ~UiX*dx

i = 0,F,T (29)

The boundary conditions for the acoustic field are found to be

jc = 1< 1 dY0 | aq(G-Y0)dYo
' pa dx pa~l dx

= rhs(Yos — cr~ ) + JnYos

J_dZ aq(G - Yo) dZ
pa dx pa~l dx

+ m[LeFZs - (1 - LeF)Y0s\

\_dG_ aq(G - Yo) dG
~j5"~dx pa~l dx

= ms(Y0s - a~l + L) + m(YOs + L)

(30)

G = Y0s + 0,

jc -> oo: Y0 = 0 Z = < = (y-l)/yq

where L and Os are the rates at which the logarithms of the latent heat
and of the saturation temperature vary with respect to the logarithm
of the saturation pressure and L = -0.000628 and 0V = 0.000455
forLOXat/?* = 2.8MPa.

To obtain the solutions for the acoustic field, the mean field and
its derivatives with respect to x/ must be known for a given value of
Xf. The governing equations and the boundary conditions for these
derivatives are given in the Appendix. To close the system for the
acoustic field, it is necessary to determine the acoustic response of
the reaction-sheet location jc/ by considering the response of the
reactive-diffusive layer. Because the characteristic reaction time is

small compared with the characteristic acoustic time, the reaction-
zone analysis, based on quasisteadiness of the reactive-diffusive
layer, is still valid. The acoustic response of the reaction sheet can
be obtained by linearized perturbations of the matching conditions
coming from the outer convective-diffusive layer.

As a first step, a field variable T at the instantaneous reaction
sheet Xf is expanded about the mean reaction sheet Jc/:

xf) \ xf) f\ xf)]

(31)

where F\xf is the total derivative off\Xf with respect to */, defined
as JF\zf = d?/dxf\xf = £\if + ? x\xr Substituting all of the
variables, expanded as shown in Eq. (31), into Eq. (22), the fractional
change of the Damkohler number at order e is found to be

8Da/Da = + xf A] + O(s2) (32)

where the two contributions for the fractional variation of the
Damkohler number are

A = ̂  — + 2^̂
7 _zu £

"^Ii7 Z\*f

q *!+ (fl-4)-

w adA/Gx\Xf Y0x\x
A = ^r-— ' + 2^

^7_Z|^

1*7 2I-/

(33)

+ (fl-4)-
qG\-Xf

Because B*
condition

pn, 8Da/Da = eeicotn, thereby yielding the jump

A + J c A = n (34)

to close the acoustic-field problem. The method parallels that of our
earlier work.4

Results and Discussion
General characteristics of the reaction-sheet response can be best

seen from the well-known S-curve behavior, shown in Fig. 2. The
reaction-sheet location x/ is plotted there as a function of Da. If
acoustic pressure oscillations are superimposed on the steady flame,
the reactivity will increase with increasing pressure, thereby result-
ing in an increase of Da. The reaction sheet then migrates to a
location with a smaller value of Xf, at which the oxidizer mass flux
YOX(XJ) is larger, and the fuel leakage Zf is smaller. As seen from
Fig. 2, for the same fractional amount of variation of the Damkohler
number, 8 Da /Da, the displacement of the reaction sheet is much
larger for near-extinction flames than for near-equilibrium flames
because of the rapid variation of the reaction-sheet location near the
turning point.

Detailed results of the calculation are shown in Fig. 3 for the real
part of the oscillation amplitude of the reaction sheet, Re(xf), as a
function of Da for several values of CD. In Fig. 3, the aforementioned
behavior of xf is best seen in the case with smaller CD (co = 0.1).
Near extinction, the value of Jc/ moves to a larger negative value. On
the other hand, the variation appears to be more gradual for larger co
because the larger unsteady accumulation effect associated with the
terms involving icoxf in Eqs. (24-27) impedes the reaction-sheet
response. Note that, in the near-equilibrium regime, jc/ has small
positive values for small CD. Near equilibrium, the effect of finite-rate
chemistry is no longer dominant. Instead, variation of the latent heat
with pressure becomes more important. As pressure increases, the
latent heat of LOX decreases, thereby leading to increased mass flux
m. Then the reaction sheet will be pushed away from the droplet
surface, so that Re(xf) becomes positive. For larger CD, the reaction
sheet fails to respond immediately to the variation of the mass flux
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Re(5?f)

102

Fig. 3 Variations of the real parts of the reaction-sheet oscillations for
various nondimensional acoustic frequencies with the same conditions
as Fig. 2 and n = 1,7 = 1.2.

at the reaction sheet, and Re(xf) consequently exhibits a negative
value.

The Rayleigh criterion11 indicates that acoustic amplification oc-
curs if, on the average, heat is added in phase with the pressure
increase during the oscillation. To further investigate the Rayleigh
criterion, we consider the rate of heat release H* measured per
droplet as

= -4n Tfo^ (35)

where the relationships r^ = r*Xf, Da/r*2 = Dae/r*2, and
p*D*0\r* = p^Dj ^(1 + qGf}a are used in obtaining the second
equality. Upon expanding H* = H* + sei(0tH*, comparison with
Eq. (35) leads to H* as

(36)

where

hs = -x2
f(Da/Dae)i(l+qGf)aY0x\tj(2xf/xf)

(37)

^net = ha + hr + hs

Here, ha is the normalized rate of heat-release fluctuation _originat-
ing from the acoustic fluctuation of the field variables, hr is that
originating from variation of the oxidizer mass flux by the reaction-
sheet oscillation, and hs is that originating from the reactive-area
variation.

Prior to discussing the results for the h, it is useful to get an
insight into the underlying physical processes by comparing with the
previous results for strained diffusion flames,4 in which oscillation
of the rate of heat release is measured per unit reaction-surface area.
Figure 4 shows these nondimensional quantities per unit reaction-
surface area as

Dae t (38)

The component associated with the reactive-area variation does not
appear in this comparison. The response component directly asso-
ciated with the acoustic field, i.e., h"a, exhibits only a slight variation
throughout the entire range of the Damkohler number. On the other

Da/Dae 10*

10°
-0.01 0.00 0.01 0.02 0.03

Fig. 4 Dependencies of the heat-release-rate oscillations per unit
reaction-surface area on the Damkohler number at a; = 1.0 for con-
ditions of Fig. 3.

102

Da/Da

10°
-3.0 -2.0 -1.0 0.0

Re(K)
1.0 2.0 3.0

Fig. 5 Dependencies of the heat-release-rate oscillations per droplet
flame on the Damkohler number at cj = 1.0 for conditions of Fig. 3.

hand, the other response component associated with the reaction-
sheet oscillation, i.e., /z", rapidly increases and becomes the domi-
nant response near extinction, which is consistent with the response
characteristics of strained diffusion flamelets.

However, if the heat-release response is considered per droplet,
i.e., if the complete h is considered, droplet flames exhibit quite
different characteristics from strained diffusion flames because the
reaction-surface area varies proportionally to the Damkohler num-
ber. The response characteristics per droplet flame are shown in
Fig. 5. Contrary to Fig. 4, the flame responses now decrease in
magnitude as the flame approaches extinction because the total
reaction-surface area decreases with decreasing Damkohler num-
ber. Although the reaction-sheet standoff ratio, jc/, increases with
decreasing Da, the droplet radius r* decreases much faster, caus-
ing the total reaction-surface area to decrease almost in proportion
to Da. In addition, the response component associated with the
reaction-surface area variation, i.e., hsj cancels most of the ampl-
ification effect arising from the response associated with the
reaction-sheet oscillation, hr. As the reaction sheet moves to the
droplet surface to respond to higher reactivity during the period
of higher acoustic pressure, the oxidizer gradient increases to pro-
duce an amplification effect, indicated by hr, but the accompanying
decrease of the reaction-sheet area gives rise to an attenuation con-
tribution to cancel hr. Consequently, the net flame response remains
small and nearly constant.

This conclusion does not, however, imply that near-extinction
conditions, created by making the spray finer, are not conducive to
acoustic instability. If the total combustion response is measured
per reactant mass consumed, then a finer spray produces a larger
combustion response, which is, however, smaller than the flame
response coming from the strained diffusion flame consuming an
equal amount of oxidizer.

For hydrocarbon-LOX systems, the situation is quite different be-
cause the flame would surround fuel rather than oxidizer droplets.
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6.0

-4.0 -2.0 4.0 6.00.0 2.0
Re(R)

Fig. 6 Dependencies of the heat-release-rate oscillations per droplet
flame on the nondimensional acoustic frequency for a near-equilibrium
condition (DalDae = 43.3) and for a near-extinction condition (DalDae
= 1.01) for conditions of Fig. 3.

The AEA theory predicts that the reaction sheet moves toward the
oxidizer boundary at infinity, resulting in an amplification by flame-
area increase. However, the AEA analysis would be misleading for
hydrocarbon-LOX systems because it would predict fuel leakage
through the reaction sheet, whereas, opposite to hydrogen-LOX
droplet flames, leakage of the oxidizer is predicted from the analy-
sis adopting full and reduced chemical kinetics.12 Therefore, the hs
term also contributes to attenuation for hydrocarbon-LOX systems.
However, the net amount of combustion response is anticipated to re-
main small because the parametric range of the stoichiometric mix-
ture fraction for hydrocarbon-oxygen flames falls farther into the
diffusion-flame regime of AEA,5 in which displacement of the reac-
tion sheet is limited to order fi~l compared with displacement in the
premixed-flame regime. Therefore, oscillation of the reaction sheet
may not be a dominant effect for the hydrocarbon-LOX system.

In Fig. 6, variations of the real parts of h are shown as a function
of a) for near-equilibrium and near-extinction conditions. For both
cases, the net combustion responses closely follow variations of
ha because the effects of hr and hs cancel. For the near-equilibrium
case, an amplification effect is found in the region of small o>, which
most likely arises from the increased evaporation rate m associated
with the reduced latent heat L. For the near-extinction case, the real
part of the net heat-release response is small and nearly constant for
the entire range of to. The results for the near-equilibrium case here
would be compared with those of Strahle because both cases corre-
spond to Da -> oo. However, the existence of an additional effect
hs makes comparison difficult. Instead, an extensive comparison of
Strahle's results with those obtained by AEA can be^found in our
previous work.4 Finally, the overall variation of Re(hnei) is shown
as a function of co and Da in Fig. 7. At low co or near extinction, an
amplification effect exists with a small value of Re(hnet), whereas
attenuation is found at moderate co and near equilibrium.

Additional numerical results are presented in the remaining fig-
ures to examine the influences of nonunity fuel Lewis number and
temperature-dependent thermal conductivity. When a representative
fuel Lewis number is chosen for zone III, care must be taken because
the average molecular weight increases by an order of magnitude,

Fig. 7 Variation of the net response of heat-release rate with the
Damkohler number and the nondimensional acoustic frequency for con-
ditions of Fig. 3. The isoscalar contours are marked for every 0.1 change
in Re(hnet).

Da/Da

-4.O -2.0 0.0 2.0
Re(K)

4.0 6.0

Fig. 8 Dependencies of the heat-release-rate oscillations per droplet
flame on the Damkohler number at u> = 1.0 for Lep = 0.6 and a = 0.75
with other conditions corresponding to those of Fig. 3.

and the thermal conductivity and Lewis number for hydrogen de-
crease with the inverse of the square root of the average molecular
weight as hydrogen approaches the reaction sheet. The Lewis num-
ber for hydrogen at the hydrogen boundary is approximately 1.2,
whereas that at the reaction sheet is 0.4 because the average molec-
ular weight is 9 times larger at the reaction sheet than at the hydrogen
boundary. The mean Lewis number for zone III is estimated as 0.6
by harmonic averaging. Harmonic averaging is more appropriate
because the rate of mass diffusion is proportional to the inverse of
the Lewis number. The dependence of the Lewis number on temper-
ature is insignificant. Characteristics of the droplet flame are more
strongly dependent on the thermal conduction in zone I than in zone
III. The temperature exponent a for pDT is thus taken to be 0.75
from a typical value for oxygen.

The numerical results for LeF = 0.6 and a = 0.75 are shown in
Figs. 8 and 9. Variations of the heat-release responses per droplet
with Da are shown in Fig. 8. Although each contribution, ha, hr,
and hs, exhibits a behavior similar to that in Fig. 5, one notable
difference is thaUhe magnitude of Re(hr) is now somewhat larger
than that of Re(hs). After adding these two contributions associ-
ated with the reaction-sheet oscillations, there exists a moderate
amplification contribution that arises mainly from the increase of
the diffusion coefficient by shifting xf to where the temperature
is higher. Therefore, the net heat-release response is larger for the
conditions of Fig. 8 than for those of Fig. 5. However, the heat-
release response for the droplet flame still will be smaller than that
for the strained flame because the effect of the reaction-surface re-
duction is still operative. Figure 9 shows the various contributions to
the heat-release response as functions of co for near-extinction and
near-equilibrium conditions. Although each term behaves in a qual-
itatively similar manner to the corresponding term in Fig. 6, there
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Fig. 9 Dependencies of the heat-release-rate oscillations per droplet
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Fig. 10 Effects of the nonunity fuel Lewis number on the fluctuations
of the net heat-release rate as functions of the Damkohler number at
uj = 1.0 for conditions of Fig. 3.

are quantitative differences. Increase of the diffusivity and decrease
of the reaction-sheet location relatively diminish the unsteady-
accumulation effect, so that a larger value of CD is required to exhibit
the distinctive behavior. Near equilibrium, the entire range of CD now
corresponds to amplification, whereas a small attenuation region was
found for moderate co in Fig. 6. The disappearance of the attenuation
region is a result of the additional amplification effect arising from
variation of the diffusivity associated with the reaction-sheet oscil-
lation. A test calculation with LeF = 0.6 and a — 0 exhibited an
attenuation region near co = 10, supporting this explanation. Near
extinction, the dominant responses are hr and hs, both associated
with the reaction-sheet oscillation, and the net amplification is only
somewhat larger than that in Fig. 6.

Additional results showing influence of nonunity fuel Lewis num-
bers on the net flame response is shown in Fig. 10 for various values

of LeF. If nonunity Lewis number of the ambient hydrogen gas is
considered, the reaction sheet moves toward the droplet surface be-
cause of the increased rate of hydrogen diffusion into the reaction
sheet. The greater oxidizer mass flux into the reaction sheet results in
a larger net flame response for smaller values of LeF. Although not
shown here, the contributions of ha, hr, and hs to ̂ net have behaviors
similar to those explained earlier, so that the preceding conclusions
concerning canceling effects are not modified qualitatively by the
values of a and LeF.

Conclusion
The acoustic pressure response of H2-LOX flames was analyzed

for spherical subcritical droplet flames by extending the premixed-
flame regime analysis of AEA previously employed in the acoustic-
response analysis for strained diffusion flames. The reaction sheet
of the droplet flame behaved in a manner similar to that of the
strained diffusion flames. However, the net flame response for the
droplet flames is much smaller than that for the strained diffusion
flames because oscillations of the reaction sheet cause a reduction of
the reaction-surface area, thereby giving an additional attenuation
mechanism. Although the spherical-droplet-flame model is not re-
alistic under the presence of strong convective effects, this analysis
nevertheless is expected to provide many generally valid character-
istics of the acoustic responses of convective droplet flames. The
attenuation effect associated with the reaction-surface variation still
will be present in convective droplet flames.

In addition to the paper's conclusion that strained diffusion
flamelets produce larger contributions to overall acoustic responses
in motors, the applicability of the droplet-flamelet model to acoustic
instabilities is further limited by experimental observations suggest-
ing that the strained diffusion flamelet model may be more relevant
as a microscopic flame model for turbulent spray flames in liquid-
propellant rocket engines. Although there are no conclusive experi-
ments determining whether flames near the injectors are composed
of strained diffusion flamelets enveloping the spray or of individ-
ual droplet flamelets, a visualization of LOX-H2 flames, taken in
a single-element coaxial-injector test rocket, shows flamelets sur-
rounding the LOX spray jet rather than surrounding the droplets.
The LOX spray appears to be too dense to support individual droplet
flamelets because penetration of the gaseous fuel into the LOX spray
is insufficient.

Appendix: Calculation of Mean-Field Derivatives
To determine the influence of the oscillation of the reaction sheet,

we must calculate various derivatives of the mean field with respect
to Xf. Because the details of the procedure are discussed by Kim
and Williams,4 only an outline of the aspects unique to the present
problem is given here. By differentiating Eq. (16), the governing
equations for the partial derivatives are found to be

(Al)

(A2)

dx (A3)

where the differential operator £/ and the boundary conditions are
identical to those of Eqs. (29) and (30)̂ , respectively, with the tilde
replaced by a circumflex except for G = YOs and G = 0. The
corresponding equation of the state is

P = ~ (A4)

Because the gradient of Yo is discontinuous at the reaction sheet,
differentiation of Yo will give rise to a discontinuity in Yo. From
continuity of Yo, we find the jump conditions for Yo to be

Y 0 ( x f \ *J) = -Y0*(x-f\ *7) Yo(x$\ JcJ) = 0 (A5)

On the other hand, if a = 0 and LeF = 1.0, profiles of G and Z
are independent of the reaction-sheet location and are continuously
differentiable throughout the whole domain; no jump conditions for
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G and Z are necessary. However, if a ̂  0 or Lep ^ 1.0, discontin-
uities for G and Z appear for their gradients because G and Z are
continuous only up to first derivatives. Integrating Eqs.JA2) and
(A3) across the reaction sheet, the jump conditions for Gx and Zx
are found to be

Gx(x+; *+) - Gx(x~f; Jcj) = apqGx(xf; xf)YOx(xf, x j ) (A6)

Zx(x+', xj) - Zx(xJ; xj) = [apqZx(xf; xf)

+ (LeF-l)pa(m/x2
f)]Y0x(x-f;x-f) (A7)

From the above jump conditions, it is seen again that there are no
discontinuities for Gx and Zx if a = 0 and LeF = 1.0. Finally, note
that there are no jumps of G and Z because the uniform acoustic
pressure field does not introduce a differential operation.
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